Published by Institute of Physics Publishing for SISSA/ISAS Received: November 20, 2003 Accepted: November 21, 2003

On the existence of horizons in spacetimes with vanishing curvature invariants

José M. M. Senovilla^∗

Departamento de Física Teórica, Universidad del País Vasco Apartado 644, 48080 Bilbao, Spain E-mail: wtpmasej@lg.ehu.es

Abstract: A direct very simple proof that there can be no closed trapped surfaces (ergo no black hole regions) in spacetimes with all curvature scalar invariants vanishing is given. Explicit examples of the recently introduced “dynamical horizons” which nevertheless do not enclose any trapped region are presented too.

Keywords: Black Holes in String Theory, Space-Time Symmetries, Classical Theories of Gravity, Differential and Algebraic Geometry.

∗Financial support from grants BFM2000-0018 (Spanish CICyT) and 9/UPV 00172.310-14456/2002 (University of the Basque Country) is acknowledged.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep112003046 /jhep112003046 .pdf

There is a renewed interest on (generalized) pp-wave spacetimes.^1 This is due to the fact that all scalar invariants constructable from the Riemann tensor and its derivatives vanish in pp-wave spacetimes, which implies that they are exact solutions of the full non-linear classical string theory [4]. Moreover, it is known since long ago that every spacetime can be “approximated”, nearby a null geodesic, to a plane wave (a particular case of pp-waves, see e.g. [1, 5, 6]), which is called the Penrose limit of the spacetime on that geodesic [7]. This has relevant consequences and applications in the context of the AdS/CFT correspondence, see e.g. [8, 9] and references therein. The above led to the analysis of the pp-wave conformal boundary, linked via AdS/CFT to the associated conformal theory, with the remarkable result that pp-wave spacetimes seem to have a single null line as conformal boundary [10, 3].

More generally, spacetimes with all scalar invariants vanishing (VSI from now on) share the above mentioned property of being exact solutions of classical string theory [4, 11]. Thus, they are claimed to give some insight into an acceptable theory of quantum gravity. The question has been raised of whether these exact solutions of string theory can describe, or contain, black-hole regions, something which would be expected to provide deeper or clearer hints on the path to the sought quantum theory of gravitational fields. As a matter of fact, using techniques of geodesic connectivity, one can demonstrate that (some) ppwaves can have no “event horizon” [12] — in the sense that every point in the spacetime can be joined to infinity by means of a causal future-directed curve —, see also [13]. However, the question remains open for general VSI spacetimes, as has been recently pointed out in [14].

In this short note, I address the issue and give a direct very simple proof of the complete absence of closed trapped surfaces (and more generally of closed trapped submanifolds of any co-dimension) in VSI spacetimes. Interestingly, the proof relies on recently developed (i) concepts generalizing Killing vectors — Kerr-Schild symmetries [15] — and (ii) arguments on the interplay between symmetries and trapped surfaces [16]; this is indication of potential applications of both (i) and (ii) to general theories based on lorentzian geometry. I intend to call attention to these works by means of the particular application treated herein. The proof will be essentially geometric and no field equations or any other conditions are assumed. As a by-product, closed marginally trapped surfaces will come out to be ubiquitous in VSI spacetimes, and thereby explicit examples of dynamical horizons in the sense of [17] will be exhibited, showing that this kind of horizons do not enclose trapped regions or black holes in general.

Consider the VSI spacetime (signature −, +, . . . , +), in arbitrary dimension D, given in local coordinates {u, v, x^i} (i, j, . . . = 1, . . . , D − 2) by the line-element [11] ds^2 = −2du(dv + Hdu + W_idx^i) + g_{ij} dx^idx^j (1) where H = H(u, v, x^i) is arbitrary, the functions g_{ij} = g_{ji} = g_{ij} (u, x^k) are independent of

1See e.g. [1] and references therein for the standard definition and properties of pp-waves in General Relativity, and [2, 3] for generalizations to arbitrary dimensions.

– 1 – v, and W_i are linear on v, that is

W_i = vF^′_i + Z_i(u, x^k)

the v-coefficient F^′_i depending only on the corresponding x^i (primes stand for derivatives with respect to the argument).^2 There is a preferred null vector field ⃗ℓ = ∂_v in these spacetimes, characterized by being a gradient (hence geodesic), shear-free and expansionfree. Its covariant form is ℓ = −du. Therefore, (1) belongs to the so-called Kundt class (generalized to D dimensions) [18, 1]. The pp-waves are characterized by admitting the existence of a covariantly constant null vector field ⃗ℓ, whence they are included in (1) when F^′_i = 0 and H_{,v} = 0 — a comma indicates partial derivative.

In general, though, the null vector field ⃗ξ ≡ exp (− ∑ i F_i) ⃗ℓ still satisfies a quite interesting relation, namely £_{⃗ξ} g = −2F^{−1}H_{,v} ℓ ⊗ ℓ where £_{⃗ξ} stands for the Lie derivative with respect to ⃗ξ and F > 0 is a shorthand for exp ( ∑ i F_i). This is the differential condition defining the so-called Kerr-Schild vector fields [15], which are the generators of one-parameter groups of Kerr-Schild transformations. A study of these infinitesimal symmetries, their properties, and some applications can be found in [15]. Even more importantly, the crucial point in what follows is that, actually, there is an infinite number of Kerr-Schild vector fields, all proportional to ⃗ℓ, depending on an arbitrary function of u. This follows straightforwardly from Lemma 3.2 and Theorem 2 in [15], or alternatively by a direct calculation: £_{⃗ξf} g = −2F^{−1} [ f(u)H_{,v} + f^′(u) ] ℓ ⊗ ℓ (2) for all vector fields ⃗ξ_f ≡ f(u) F^{−1} ⃗ℓ (3) f(u) being an arbitrary function — thus, the Lie algebra of Kerr-Schild vector fields with respect to ⃗ℓ is infinite-dimensional. Let us remark that the above statement holds for ppwave spacetimes too (including plane waves and even flat spacetime): of course, there are not Killing vectors depending on arbitrary functions, but there certainly are Kerr-Schild vector fields with that property, and they happen to include, for a choice of the arbitrary function f(u) (up to a constant of proportionality), a Killing vector.

The arguments of [16] can now be applied. Let S be any spacelike submanifold of any dimension d, and let {⃗e_A} (A, B, . . . = 1, . . . , d) denote a set of d linearly independent tangent vector fields to S on V . Let γ_{AB} = g|_S (⃗e_A, ⃗e_B ) be the first fundamental form inherited by S and ∇ its canonical connection. In [16] we proved that, for any vector field ⃗ξ, 1 2 γ^{AB} £_{⃗ξ}g|_S (⃗e_A, ⃗e_B ) = ∇_C ξ^C + (ξ_μH^μ)|_S (4)

2By using the remaining coordinate freedom [11, 1], one can rewrite the above such that W1 = vF^′_1(x^1)+ Z1(u, x^k) with F^′_1(x^1) = dF1(x^1)/dx^1, and Wj = Zj (u, x^k) for all j ≠ 1. However, this is not necessary here. Analogously, one could allow for an arbitrary function in front of dv in (1).

– 2 – where for all ⃗v, v_C = v_μ|_S e^μ_C , and ⃗H denotes the mean curvature vector of S (e.g. [19, 20, 21, 16]). Future trapped submanifolds are characterized by having ⃗H pointing to the future all over S, and similarly for past trapped. The trapping is proper, near, or marginal according to whether ⃗H is timelike, non-spacelike, or null and non-vanishing all over S [16, 5, 19]. Therefore, if S is trapped and ⃗ξ is future (or past) pointing all over S, the second term on the righthand side of (4) cannot change sign.

Suppose, then, that S is (marginally, nearly) future trapped and closed (i.e. compact without boundary; this is the case of interest for black-hole regions). Replacing the Kerr- Schild symmetries (3) for ⃗ξ in (4) — with f(u) positive, say, so that ⃗ξ_f are future pointing — integrating the resulting relation on S, using (2) and Gauss’ theorem, one arrives at − ∫ S ( γ^{AB} ℓ_Aℓ_B ) F^{−1} [ f(u)H_{,v} + f^′(u) ] η_S = ∫ S F^{−1}f(u)(ℓ_μH^μ) η_S ≤ 0 (5)

where η_S is the canonical d-volume element on S. Recalling that f(u) is an arbitrary function, this inequality clearly leads to a contradiction in general. To prove it rigourously, notice that γ^{AB} ℓ_Aℓ_B ≥ 0, and this vanishes if and only if ℓ_A = ℓ_μ|_S e^μ_A = 0. If ℓ_A were nonzero at some points of S, one could always choose f(u) such that (f(u)H_{,v} + f^′(u)) |_S ≤ 0 which would give the “wrong” sign for the left integral in (5). Indeed, as S is compact, H_{,v} will reach its maximum M on S, hence H_{,v}|_S ≤ M, so that it would be enough to choose a positive f with f^′/f ≤ −M (for instance, f(u) = e^{−Mu} would do). The only possibility is therefore that ℓ_A = 0. Then the right integral of (5) must vanish as well, whence ℓ_μH^μ = 0. As ⃗H and ⃗ℓ are causal this implies that in fact they must be proportional to each other. In summary

The VSI spacetimes (1) do not admit closed trapped or nearly trapped submanifolds of any dimension. And any closed marginally trapped submanifold must have ⃗H ∝ ⃗ℓ and be contained in one of the null hypersurfaces u =const. orthogonal to the null vector field ⃗ℓ.

Remark: observe that this result is valid for completely general pp-waves as well, as was proved already in [16].

The meaning of the general result, when applied to submanifolds of co-dimension 2, is that there cannot be event horizons for asymptotically flat cases, if any. More generally, the absence of closed trapped surfaces implies that there are no “trapping horizons” in the sense of [22]. These are horizons defined locally, without any reference to infinity, describing the boundary of black (or white) holes, see [22]. Thus, there cannot be black hole regions in the VSI spacetimes.

The above leads also to the absence of apparent horizons — see e.g. [5, 23] for the asymptotically flat case and [19] for the general case — which is defined roughly as boundary of the set of closed trapped surfaces in the spacetime, and itself defines (under certain assumptions of continuity) closed marginally trapped surfaces [19, 23]. Let us remark, however, that the recently proposed definition of “dynamical horizons” [17], trying to improve that of trapping horizons, does not capture the absence of black holes in the VSI spacetimes. As a matter of fact, one can find many examples of dynamical horizons in

– 3 –

VSI spacetimes. To see this, observe that all surfaces S_{u,v} of co-dimension 2 given by constant values of the coordinates u and v are marginally trapped, as follows from a trivial calculation using for instance the formulas presented in [21] applied to (1): ⃗H = ( U_{,u} − div ⃗W )| |_{Su,v} ⃗ℓ . Here U = log √ det g_{ij} , W = W_jdx^j , and div is the divergence on each S_{u,v}. Hence, the mean curvature vector of these surfaces is always null and the expansion θ_ℓ corresponding to the null normal ⃗ℓ vanishes. Take then, for example, the hypersurfaces Σ : v = h(u). These hypersurfaces are spacelike if (2H +ĝ^{ij} W_iW_j )|_Σ < 2ḣ, where ĝ^{ij} is the inverse matrix of g_{ij} , and they are foliated by the marginally trapped surfaces S_{u,v}. Choosing these to be closed, which is obviously possible, all conditions in the definition of dynamical horizons hold for Σ by choosing (U_{,u} − div ⃗W )|_Σ to be strictly positive (this is minus the “inwards” expansion). Note that this is valid even for the simpler pp-waves.^3

There remains the question of validity of the local coordinates, or whether or not the line-elements (1) are extensible,^4 see e.g. [5, 24]. In the case of usual pp-waves the coordinates are globally defined, as is known, and the spacetime is geodesically complete. See [13] for a recent discussion of when this can be generalized to some subcases of (1) with W_i = 0 = g_{ij,v}. In the general case (1), problems may arise depending on the explicit form of the functions H, W_i and g_{ij} . The vanishing of det g_{ij} at some points will usually indicate either a curvature singularity or a problem with the completeness of the spacelike submanifolds spanned by the {x^i}, and occasionally extensibility of causal geodesics. Similarly, if F^′_i or H reach unbounded values then a curvature singularity appears generically. There may be, though, particular cases in which the spacetime is extensible. However, if the spacetime were extensible keeping the VSI form (1), then a similar argument would apply to the added region. While if the VSI property is lost through the extension, then this is no longer an exact solution of the classical string theory and the question loses its main interest.

Acknowledgments

I thank Veronika Hubeny for bringing this problem to my attention, and Marc Mars for comments and corrections.

References

[1] H. Stephani, D. Kramer, M.A.H. MacCallum, C. Hoenselaers and E. Herlt, Exact solutions to Einstein’s field equations, second ed., Cambridge University Press, Cambridge 2003.

3Nevertheless, Σ are not trapping horizons, as the derivative of the vanishing expansion along the inward null direction vanishes. So, trapping horizons seem to be better adapted to rule out cases like the VSI spacetimes.

4Note, for instance, that the exterior r > 2m region of Schwarzschild solution is static, so that similar arguments apply [16] and the absence of closed trapped surfaces is obvious. The trapped surfaces of the Schwarzschild black hole appear in the added region after the spacetime has been extended.

– 4 –

[2] C.M. Hull, Exact PP wave solutions of 11-dimensional supergravity, Phys. Lett. B 139 (1984) 39;

R.M. Sokolowski, Multidimensional gravitational waves, 1. Purely radiative space-times, Gen. Rel. Grav. 23 (1991) 29;

J.P. Gauntlett and C.M. Hull, PP-waves in 11-dimensions with extra supersymmetry, J. High Energy Phys. 06 (2002) 013 [hep-th/0203255].

[3] V.E. Hubeny and M. Rangamani, Causal structures of PP-waves, J. High Energy Phys. 12 (2002) 043 [hep-th/0211195].

[4] D. Amati and C. Klimčík, Nonperturbative computation of the weyl anomaly for a class of nontrivial backgrounds, Phys. Lett. B 219 (1989) 443;

G.T. Horowitz and A.R. Steif, Space-time singularities in string theory, Phys. Rev. Lett. 64 (1990) 260; Strings in strong gravitational fields, Phys. Rev. D 42 (1990) 1950; G.T. Horowitz and A.A. Tseytlin, A new class of exact solutions in string theory, Phys. Rev. D 51 (1995) 2896 [hep-th/9409021].

[5] S.W. Hawking and G.F.R. Ellis, The large scale structure of space-time, Cambridge University Press, Cambridge 1973.

[6] C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation, Freeman and Co., San Francisco 1973.

[7] R. Penrose, Any space-time has a plane wave as a limit, in Differential geometry and relativity, M. Cahen and M. Flato eds., Reidel, Dordrecht 1976, p. 271.

[8] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[9] R. Güven, Plane wave limits and T-duality, Phys. Lett. B 482 (2000) 255 [hep-th/0005061];

M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Penrose limits and maximal supersymmetry, Class. and Quant. Grav. 19 (2002) L87 [hep-th/0201081]; A new maximally supersymmetric background of IIB superstring theory, J. High Energy Phys. 01 (2002) 047 [hep-th/0110242].

[10] D. Berenstein and H. Nastase, On lightcone string field theory from super Yang-Mills and holography, hep-th/0205048;

D. Marolf and S.F. Ross, Plane waves: to infinity and beyond!, Class. and Quant. Grav. 19 (2002) 6289 [hep-th/0208197]; Plane waves and spacelike infinity, Class. and Quant. Grav. 20 (2003) 4119 [hep-th/0303044].

[11] A.A. Coley, A class of exact classical solutions to string theory, Phys. Rev. Lett. 89 (2002) 281601 [hep-th/0211062];

V. Pravda, A. Pravdová, A. Coley and R. Milson, All spacetimes with vanishing curvature invariants, Class. and Quant. Grav. 19 (2002) 6213 [gr-qc/0209024]; A. Coley, R. Milson, N. Pelavas, V. Pravda, A. Pravdová, and R. Zalaletdinov, Generalized PP-wave spacetimes in higher dimensions, Phys. Rev. D 67 (2003) 104020 [gr-qc/0212063].

[12] V.E. Hubeny and M. Rangamani, No horizons in PP-waves, J. High Energy Phys. 11 (2002) 021 [hep-th/0210234].

[13] A.M. Candela, J.L. Flores and M. Sánchez, On general plane fronted waves: geodesics, Gen.

Rel. Grav. 35 (2003) 631 [gr-qc/0211017];

J.L. Flores and M. Sanchez, Causality and conjugate points in general plane waves, Class. and Quant. Grav. 20 (2003) 2275 [gr-qc/0211086];

– 5 –

L. Sriramkumar, R. Mukund and T. Padmanabhan, Non-trivial classical backgrounds with vanishing quantum corrections, Phys. Rev. D 55 (1997) 6147 [hep-th/9703034].

[14] V.E. Hubeny and M. Rangamani, Horizons and plane waves: a review, hep-th/0311053, to appear in Mod. Phys. Lett. A.

[15] B. Coll, S.R. Hildebrandt and J.M.M. Senovilla, Kerr-Schild symmetries, Gen. Rel. Grav. 33 (2001) 649 [gr-qc/0006044].

[16] M. Mars and J.M.M. Senovilla, Trapped surfaces and symmetries, Class. and Quant. Grav.

20 (2003) L293 [gr-qc/0309055];

See also J.M.M. Senovilla, Novel results on trapped surfaces, gr-qc/0311005.

[17] A. Ashtekar and B. Krishnan, Dynamical horizons: energy, angular momentum, fluxes and balance laws, Phys. Rev. Lett. 89 (2002) 261101 [gr-qc/0207080]; See also Dynamical horizons and their properties, gr-qc/0308033.

[18] W. Kundt, The plane-fronted gravitational waves, Z. Phys. 163 (1961) 77.

[19] M. Kriele and S.A. Hayward, Outer trapped surfaces and their apparent horizon, J. Math.

Phys. 38 (1997) 1593.

[20] M. Kriele, Spacetime, Springer, Berlin 1999.

[21] J.M.M. Senovilla, Trapped surfaces, horizons and exact solutions in higher dimensions, Class.

and Quant. Grav. 19 (2002) L113 [hep-th/0204005].

[22] S.A. Hayward, General laws of black hole dynamics, Phys. Rev. D 49 (1994) 6467; Spin coefficient form of the new laws of black hole dynamics, Class. and Quant. Grav. 11 (1994) 3025 [gr-qc/9406033].

[23] R.M. Wald, General relativity, The University of Chicago Press, Chicago 1984.

[24] J.M.M. Senovilla, Review: singularity theorems and their consequences, Gen. Rel. Grav. 30 (1998) 701.

– 6 –